A new method to measure the internal magnetic field in a plasma, based on crosscorrelation of ordinary (O) mode and extraordinary (X) mode reflectometer signals originating from naturally occurring turbulence, is investigated. This method relies on identifying the O-and X-mode frequency pair (f o , f x ) where cross-correlation is maximum. Maximum cross-correlation is found to occur at an X-mode frequency slightly lower than the right-hand cut-off frequency. It is shown that the magnetic field strength can be determined from reflectometer data interpreted via a one-dimensional model, given estimates of the k-spectral width of the electrostatic plasma turbulence, and the electron density gradient scale length.
Introduction
An accurate knowledge of the magnetic field profile is of critical importance in magnetic confinement fusion devices for assessment of such issues as magnetohydrodynamic (MHD) stability and E × B flow shear suppression of turbulence. However, direct transfer of magnetic field diagnostics from existing tokamaks to many of the emerging magnetic confinement fusion devices will not be possible. Devices such as the spherical torus (ST) [1, 2] , low curvature tokamak [3] , and reverse field pinch [4] operate with magnetic fields approximately an order of magnitude lower than the previous generation of large tokamaks. In the ST devices, diamagnetic and paramagnetic effects are expected to change the field significantly from vacuum levels, so a measure of internal magnetic field is crucial to improving physics understanding. Motional Stark effect (MSE) measurements in such devices will not be possible without the development of laser induced fluorescence (LIF) enhancement, due to the overlap of π and σ emission lines in the low magnetic field [5] . In addition, port access will be limited in these devices, so that diagnostics such as multichannel Faraday rotation polarimetry will be extremely problematic to implement. Ultra-short-pulse reflectometry is a promising method to determine the magnetic field magnitude by simultaneously measuring O-and X-mode profiles. However, this technique will also have difficulty in low-field devices [6] .
This paper describes the proof of principle of a simple, low-cost diagnostic determination of the magnetic field strength in a plasma. The diagnostic, which requires only limited port access, is based on cross-correlation of ordinary (O) mode and extraordinary (X) mode reflectometer signals that originate from naturally occurring plasma turbulence. This method relies on identifying O-and X-mode frequency pairs (f o , f x ) where the cross-correlation of turbulent signals is maximum. Cross-correlation is expected to maximize when the location of the O-and X-mode reflectometer signals coincide spatially. If it is assumed that the reflectometer signals originate from their respective cut-off layers, the magnetic field can 0741-3335/00/060655+14$30.00 © 2000 IOP Publishing Ltd then simply be determined from the X-mode cut-off frequency utilizing the known O-mode frequency. The O-mode frequency determines the local electron density and, via knowledge of the density profile, the local position in the plasma.
In order to test this assumption, experiments were conducted in the LArge Plasma Device (LAPD) [7] . The LAPD is a linear device with a simple magnetic geometry and well known electron density profile. Contrary to the above assumption, experiments showed that crosscorrelation peaked at an X-mode frequency just below the right-hand cut-off, indicating unambiguously that the reflectometer signals originated from in front of the cut-off layers. However, analysis has shown that a one-dimensional numerical model can accurately predict experimental values of the frequency of peak cross-correlation. The model is a full wave simulation of the fluctuation/correlation reflectometry process, similar to models reported by Bretz [8] and Chou et al [9] , with the additions of simultaneous O-and X-modes and the inclusion of an upper hybrid resonance layer.
Numerically computed values of the frequency of peak cross-correlation are found to depend strongly on (i) the electron density gradient scale length, L n , and (ii) the k-spectral width, k W , of the density turbulence. Thus, in order to accurately predict the peak frequency, estimates of L n and k W must be supplied to the model. Given these estimates, the numerical model can be used to interpret experimental correlation data to find the magnetic field strength.
Principle of the diagnostic
Correlation reflectometry has been widely used to study radial correlation properties of electrostatic turbulence, see for example [10] [11] [12] [13] . Usually, cross-correlations are computed between two fluctuating channels, either O-mode or X-mode. In these cases, cross-correlation is maximum when the two launched frequencies are the same, indicating that the cut-off layers overlap spatially. As the separation between the two frequencies is increased, the signals decorrelate. If, instead, O-and X-channels are cross-correlated, one might expect the crosscorrelation to attain its peak value when the O and X cut-off layers overlap (assuming the reflectometer signals originate from the cut-off layers). O-and X-mode cut-offs (upper branch) are given by f o = f p , and f x = f R respectively, where f p ≡ ne 2 /ε 0 m /2π is the electron plasma frequency, and f R ≡ f c + f 2 c + 4f 2 p /2 is the right-hand cut-off frequency. Here n, e, and m are the electron density, charge, and mass, respectively, ε 0 is the permittivity of free space, and f c ≡ eB 0 /2πm is the electron cyclotron frequency. Therefore, the X-mode frequency corresponding to cut-off at the same spatial location as the O-mode can be written in terms of the O-mode frequency,
Since f o and f x are known, B 0 at the cut-off location can be determined. Given this picture, the diagnostic would function as follows. O-and X-mode radiation would be launched into the plasma through the same antenna. One frequency, say f o , would be fixed, while f x is scanned. Cross-correlations of the received fluctuating signals, originating from naturally occurring plasma turbulence, would be computed for each frequency pair (f o , f x ). The X-mode frequency where cross-correlation is maximum would be determined, and B 0 at cut-off found from equation (1) . Though experiments have shown that this simple scenario is not realized in practice, it is the starting point for understanding the diagnostic. Note that since plasma turbulence is always present at some level in any real plasma, signals are always available for cross-correlation.
Experimental set-up
Experiments were conducted in the LAPD at UCLA [7] . The LAPD is a linear, hot cathode discharge device, with a plasma 9 m long and 0.4 m in diameter. The magnetic field is solenoidal and constant across the plasma column, with 0.05 T B 0 0.18 T. The average electron density, n = 1-3 × 10 18 m −3 , and the electron temperature, T e = 5-10 eV. Plasma discharges last 5-10 ms, and are pulsed at a 1 Hz repetition rate. Plasma parameters, n and T e , are approximately constant over the last 1 ms of the discharge, and are highly repeatable shot to shot. There is no net current flow in the plasma. A 56 GHz interferometer in conjunction with a radially scanned Langmuir probe provide an accurate measure of the absolute electron density profile on the midplane.
A simplified dual mode (O-X) correlation reflectometer circuit diagram is shown in figure 1 . The reflectometer is typically a bistatic, quadrature system that operates over 10.9-14.5 GHz in both O-and X-polarizations simultaneously. As shown in figure 1 , two different frequencies in orthogonal (O, X) polarizations are launched and received by a common pair of circular horn antennas. The optical path is therefore very similar for both modes. The antennas, which have a midband E-plane divergence angle (−3 dB) ≈ 20
• , are mounted inside the vacuum vessel at a midplane port. A monostatic configuration was also operated, with no differences in results.
O-and X-modes were combined via an ortho mode transducer (OMT) as shown in figure 1 . The OMT accepts orthogonal inputs in standard rectangular waveguide, and combines them into a circular output waveguide, where linearly polarized TE 11 Cross-correlation data were acquired by fixing one frequency, f 1 , and scanning f 2 in a range around f 1 . The zero time-delay cross-correlation coefficient, ρ xy (τ = 0), was computed for each frequency pair (f 1 , f 2 ) using standard correlation techniques [14] . In order to obtain sufficient correlation statistics, data for each frequency pair (f 1 , f 2 ) were acquired over many consecutive discharges, typically 100. Total data sets were built up over many thousands of discharges, allowing low levels of statistical error to be realized. The power launched in each mode was approximately equal. However, since the correlation function is normalized to amplitude, cross-correlations are insensitive to changes or differences in the magnitude of launched power.
In order to assess the correlation reflectometry magnetic field diagnostic, the magnetic field, B 0 , in the plasma had to be accurately known. Two independent methods were used to determine B 0 . First, the B-field was computed by a 3D numerical solution to the BiotSavart law in terms of the magnetic field coil geometry and currents [15] . The computed value was verified via a commercial Gaussmeter in air. The absolute accuracy of the Gaussmeter measurement was ±2%. Second, a Hall effect probe was used to measure B 0 in the plasma at a port displaced 30 cm axially from the reflectometer. The probe consisted of a commercial Hall effect device mounted inside an alumina/boron nitride shaft, and was calibrated using a Helmholtz coil. Computed and measured (Hall probe) values of B 0 were found to agree within ±2%-the accuracy of the Gaussmeter measurement. As expected, B 0 in the plasma was unchanged from vacuum values.
Experimental results
The result of a typical O-X cross-correlation experiment is shown in figure 2 . In this case, the O-mode frequency, f o , was fixed at 11.0 GHz, while f x was scanned over 11.2-13.0 GHz. The magnetic field was 0.10 T. O-and X-mode homodyne signals,
, were cross-correlated, I o I x , as well as amplitude, A o A x , and phase, ϕ o ϕ x . The lines show Gaussian curve fits to the data, given by
A 1 , A 2 , A 3 and f x,pk are fitting parameters determined by least-squares error criteria. In this case, the X-mode frequency of peak cross-correlation, f x,pk , determined from such a fit, was 12.15 ± 0.073, 12.17 ± 0.082, and 12.15 ± 0.097 GHz for homodyne, amplitude, and phase cross-correlations respectively. The error on f x,pk denotes the 95% confidence interval, and was determined as described in [16] , given the error on each of the points ρ xy . The error on ρ xy was computed from a well known formula [17] . As shown in figure 2, homodyne data always produced the greatest correlation values, while phase gave somewhat lower values. This may be due to numerical errors introduced in the recovery of the phase from the quadrature IF data. Note that since the statistical error on ρ xy is dependent on ρ xy itself [17] , the confidence interval for the homodyne case is necessarily smaller. Figure 3 shows the X-mode frequency of peak cross-correlation, determined from phase data, versus magnetic field, B 0 . Results for the value of f x,pk from homodyne cross-correlations were identical, with slightly smaller vertical error bars. In each case f o = 11.0 GHz. Horizontal error bars on the measurements denote the ±2% error in the magnetic field. Vertical error bars denote the 95% confidence interval of f x,pk . The dashed line indicates the righthand cut-off frequency corresponding to f p = 11.0 GHz. Clearly, values of f x,pk lie below the right-hand cut-off in every case. Experiments with different f o and those with fixed f x showed similar results. This means that the magnetic field strength cannot simply be determined from equation (1), since f x,pk does not correspond to f R .
Preliminary work [18] suggested that values of f x,pk fell below f R due to the possibility of oblique incidence of the reflectometer beam with respect to the electron density gradient, ∇n. However, subsequent detailed experiments where the reflectometer antennas were tilted to known angles with respect to ∇n showed no change in f x,pk relative to f R . In fact, the reduced value of f x,pk can be understood as a purely one-dimensional effect (along the reflectometer beam path). 
Interpretation of the data via the one-dimensional model
The 1D numerical model that is used to interpret the data is similar to models previously reported by Bretz [8] and Chou et al [9] , with the additions of simultaneous O-and X-modes, and inclusion of an upper hybrid resonance layer. The primary physics that emerges from each of these three models is Bragg scattering, which prescribes a peak phase response where the 1D Bragg matching condition
is satisfied. Here k i ,k, and k s are the wavenumbers of the incident, fluctuation and scattered waves, respectively. The importance of the Bragg resonance in the reflectometry phase shift has also been addressed in analytical models [19] . The code solves the 1D time-independent wave equation
via a fourth-order Runge-Kutta method. Here x is the direction of propagation, ω is the incident wave angular frequency, c is the speed of light in vacuum, ε(x) is the O-or X-mode dielectric function, and E is the transverse (to x) component of the electric field. The microwave is incident from the right edge of the computational grid, starting in vacuum, with the electron density increasing to overdense on the left. The reflectometer phases for O-and X-modes at a reference point in vacuum are computed. An arbitrary density profile, interpolated from either measured data or a functional form, is allowed. An upper hybrid resonance layer may or may not be included. The numerical solution is started at the left grid edge, in the overdense plasma, where E and dE/dx are specified (Cauchy boundary condition). In O-mode cases, and X-mode cases where no upper hybrid layer is present, the boundary condition proposed by Bretz [9] is used. The field at the left boundary is given by an exponential decay in the evanescent region with decay length δ, which is Whittaker's equation with ξ = 2is, κ = −is 0 /2, and m = ±1/2 [22] . Solution of equation (6) for the electric field at the resonance yields E(x = 0) = A and dE/dx| x=0 = −iAk 0 e ik 0 x , where A is constant [23] . Electric field solutions were normalized to a magnitude of 1 in vacuum, so that A = 1 could be chosen, giving E(x = 0) = 1 and dE/d| x=0 = k 0 .
To simulate the O-X cross-correlation experiment, stationary density fluctuations with a Gaussian wavenumber (k) spectrum were added to the density profile. These fluctuations were modelled asñ
whereñ is the fluctuating part of the electron density, n cut-off is the density at cut-off, A is the fluctuation amplitude, σñ is the standard deviation ofñ/n (prior to scaling by A), θ i is a random variable between ±π, and k W is the k-spectral width. Typically, N = 100 terms were included in the superposition. M successive realizations of random fluctuations with such a k-spectrum were added to the density profile. The O-and X-mode phases, ϕ o and ϕ x , at a reference point in vacuum were computed for each realization. The result of such a calculation is shown in figure 4 . Cross-correlation values, ρ xy , obtained in the simulation are in general greater than experimental values (cf figure 2), usually approaching a maximum value of approximately 0.95. This difference may be due to reflectometer 2D effects in the experiment. However, as will be seen, the X-mode frequency of peak cross-correlation-the important quantity with regard to magnetic field measurement-is accurately predicted in the simulation despite differences in correlation values. Experimental conditions were duplicated in the simulation by using a measured electron density profile, and a turbulent k-spectral width k W = 1.8 cm −1 (measured by Langmuir probes using a two-point technique [24] ). M = 128 realizations were taken. A Gaussian fit to the simulated values of ρ xy (full curve) yielded an X-mode frequency of peak correlation of 12.17 ± 0.056 GHz, at the 95% confidence level (error bars were computed exactly as for experimental data). This is in excellent agreement with the experimental value (phase) of 12.15 ± 0.097 GHz.
Computed values of f x,pk at various magnetic fields are shown in figure 5 , together with experimental values (phase). As in the experiments, f o = 11.0 GHz in each case. Measured density profiles were used, and k W = 1.8 cm −1 was taken. It can be seen that there is excellent agreement between experiment and simulation. The behaviour of the reflectometer phase response with respect to the peak crosscorrelation may be elucidated by utilizing the code in a different manner. Instead of modelling a spectrum of fluctuations, propagation of a density wavepacket down the density gradient is considered. The wavepacket, which has a Gaussian envelope, has the form n n = Ae
where A is the fluctuation amplitude, x c is the position of the wavepacket centre, w f is the wavepacket Gaussian width, and k f is the fluctuation wavenumber. The reflectometer phase is calculated as a function of x c , which is advanced down the gradient.
Reflectometer O-and X-mode phase responses to such a wavepacket for two distinct cases of X-mode frequency are shown in figure 6 . In both cases f o = 11.0 GHz and B 0 = 0.10 T. In figure 6(a) , the X-mode frequency is such that the O-and X-mode cut-offs overlap spatially, while in figure 6 (b) the X-mode frequency is 12.15 GHz, the frequency where O-X crosscorrelation is maximum. It is clear that the zero time-delay cross-correlation, ρ xy (τ = 0), between O and X responses will be greater in figure 6(b) , f x = 12.15 GHz, where O and X responses are in phase, than figure 6(a) where the responses are out of phase (although the upper case would attain the same cross-correlation value at a later displacement time, τ ). In fact, ρ xy (τ = 0) will clearly be maximum in the lower case where O and X responses are (almost) exactly in phase. Thus, for such a density fluctuation, peak cross-correlation would occur at f x = 12.15 GHz. As k f is varied, f x,pk changes. For example, k f = 1.0 cm −1 gives f x,pk = 12.38 GHz, and k f = 3.0 cm −1 yields f x,pk = 12.05 GHz. This result for the wavepacket perturbation can be related to the turbulent fluctuation case, by considering the average wavenumber of the turbulent Gaussian half-spectrum, k ,
For the measured k-spectral width k W ≈ 1.8 cm −1 , k ≈ 1.6 cm −1 . This is the value of k f of the wavepackets shown in figure 6 . The O-and X-mode responses to a turbulent density spectrum with k W = 1.8 cm −1 are in phase in an average sense when f x ≈ 12.15 GHz, as illustrated in figure 6(b) . The X-mode frequency of peak cross-correlation, f x,pk was found to vary with the density gradient scale length, L n ≡ {(1/n) dn/dx} −1 at the cut-off layer, as shown in figure 7 . Both experiment and simulation are shown, and are in good agreement. Simulations showed little dependence of f x,pk on the details of the density profile. The gradient scale length at cut-off is a sufficient parameter to describe the spatial dependence of the electron density. However, it is apparent from the figure that a good estimate of L n is required in order for the code to reproduce the experiment.
Simulations predict that there is also a dependence of f x,pk on the k-spectral width of the turbulence. This is shown in figure 8 , where f x,pk versus k W is plotted. (Unfortunately, k W could not be varied appreciably in the experiments.) The k-spectral width, k W , can be obtained directly from the O-X correlation reflectometry data itself. The parameter A 2 in equation (2) corresponds to the correlation length in frequency of the plasma turbulence. The spatial 1/e correlation length, L 1/e , can be determined from frequency span A 2 . For a Gaussian k-spectrum, the spectral width, k W , is related to the correlation length, L 1/e , by k W = 2 √ 2L 1/e . It should be noted that recent work [25] has shown that O-X correlation length measurements in the LAPD are in agreement with electrostatic probe measurements to within 10-15%, thus validating the O-X reflectometer measurement of L 1/e .
Discussion
Several comments should be made about the plot of f x,pk versus B 0 (figure 5). First, it is apparent that the X-mode frequencies of maximum correlation lie on a line that is parallel to the right-hand cut-off frequency. Since the X-mode degenerates to O-mode as B 0 → 0, the question arises as to why f x,pk does not converge with f R as B 0 decreases. This question is resolved by continuing the plot of figure 5 to values of B 0 < 0.05 T. Simulations showed that f x,pk does, in fact, converge to f R as B 0 → 0, as expected (experiments at B 0 < 0.05 T were not possible in the LAPD). There is a breakpoint in the slope of f x,pk versus magnetic field at B 0 ≈ 0.04-0.05 T. Below this value of magnetic field the spatial variation of the X-mode wavenumber, k x , is dominated by the density dependence rather than the magnetic field. Above this value, spatial variations of k x are affected by B 0 in a nearly linear manner.
Second, the fact that f x,pk < f R indicates unambiguously that the reflectometer signal does not come from the cut-off layer, since a local signal originating at the cut-off would require f x,pk = f R . Third, since the code predicts the Bragg scattering response, it is apparent that the experiments are consistent with an interpretation based on Bragg scattering alone, where the dominant reflectometer signal is spatially distributed over the region where k-matching (equation (3)) is satisfied.
Bragg scattering over an extended spatial region could pose a difficulty with respect to the spatial resolution of the magnetic field measurement. If the magnetic field varies significantly over the scattering radius, O-X cross-correlation could be 'smeared out'. However, some confidence can be gained by considering the representative case of the NSTX spherical torus [1] . Using predicted density and magnetic field profiles, and taking a spatial location where n e = 1 × 10 19 m −3 and L n ≈ 2 cm (f o ≈ 28 GHz), shows that Bragg backscattering would occur over a radial extent of less than 1 mm, for k W = 2 cm −1 . With L n = 20 cm, the Bragg region would increase to only around 2 mm. Therefore, non-localization due to spatially extended Bragg scattering should not be an issue in such cases. At lower densities, say 1 × 10 18 m −3 (f o = 9 GHz), localization may pose a problem as the backscattering region increases to more than 2 cm, but such cases are of less practical interest than higher densities.
The fact that these experimental data are in agreement with a 1D model that predicts a spatially distributed Bragg scattering response would seem inconsistent with laboratory reflectometry experiments that have shown a dominant local signal near the cut-off layer and not from the Bragg-matching region [26] [27] [28] †. In these laboratory experiments, reflectometer probe beams were reflected from launched ion acoustic waves which had narrow wavenumber LAPD are shown in figure 9 . As can be seen, the peak values of ρ xy decreased as B 0 was increased. This may be due to the fact that, as B 0 increases, the O-and X-mode electric field patterns become increasingly dissimilar. This result suggests that while this technique could be applicable to devices where B 0 ∼ 0.1 T, it would be problematic in devices with higher B 0 , such as existing tokamaks with B 0 ∼ 1 T, where values of cross-correlation could be very low. The code does not reproduce this aspect of the data, showing maximum cross-correlation values greater than 0.9 for B 0 up to 10 T. Since the numerical model is able to reproduce experimental values of f x,pk given estimates of L n and k W , the model could be used in conjunction with measurements to determine the local magnetic field strength in the cut-off region. For fixed O-mode frequency, f x,pk would be determined from experimental data via a Gaussian curve fit. The model would then be run in an iterative fashion to determine B 0 from f x,pk . k W would be determined directly from the reflectometry data itself, as discussed above. Density profile data obtained from another diagnostic, say an FM reflectometer, would be needed to supply information on L n , and the spatial position of the cut-offs.
It is clear from the measured data (figure 2) that cross-correlating homodyne data produces the same values of f x,pk as the phase. Recent experimental work by Rhodes et al [30] has shown that the homodyne signal is clearly representative of the plasma turbulence. In fact, homodyne data samples true turbulent plasma behaviour over a wider range of parameters (e.g. fluctuation levelñ/n) than the phase [30] . In addition, analysis of homodyne data is much simpler than phase data. For example, in cases of high fluctuation levels the phase may undergo large numbers of 2π discontinuities, which can be difficult to interpret and can lead to so-called phase runaway [31] . Therefore, homodyne data could be utilized instead of the phase. Although no theoretical basis for the use of homodyne data has been shown here, the data of figure 2 clearly establish the validity of using homodyne measurements, at least under these experimental conditions.
To quantify the accuracy of the magnetic field determination, a complete analysis of the accumulation of errors in the correlation reflectometry data, L n , k W , and Gaussian fitting is required. However, it is likely that the dominant error will be statistical error associated with cross-correlation and curve fitting. Taking the LAPD data as an example, the error in f x,pk = 12.15 ± 0.073 GHz corresponds to a magnetic field of B 0 = 0.100 ± 0.005 T-a 5% uncertainty. The spatial accuracy will, of course, be determined by the accuracy of the electron density profile diagnostic (e.g. FM profile reflectometer).
Summary
A new method to measure the magnetic field strength in a plasma, based on dual mode (O-X) correlation reflectometry has been investigated. The method relies on finding the O-and X-mode frequency pair (f o , f x ) where maximum cross-correlation of signals originating from naturally occurring turbulence occurs. Controlled experiments were conducted in the LAPD, where the magnetic field and electron density profile are well known. Experimental values of the frequency pair (f o , f x ) where cross-correlation is maximum were found to be in good agreement with values predicted by a full wave 1D model. This value was found to be dependent on to the density gradient scale length, L n , at the cut-off layer, in both the experiments and modelling. Computations also predict a dependence of the value of (f o , f x ) at maximum crosscorrelation on the k-spectral width, k W , of the plasma turbulence. Therefore, given estimates of L n and k W , the magnetic field near the reflectometer cut-off layers can be determined. Although L n would have to be supplied by another diagnostic, such as an FM profile reflectometer, k W can be determined directly from the correlation reflectometry data.
These experimental results are consistent with Bragg scattering, since the 1D model predicts a maximum reflectometer phase response where Bragg matching is satisfied. The spatially distributed region where Bragg matching occurs could define a spatial resolution limit on the localization of the magnetic field measurement. However, simulations for a typical case of interest (the NSTX spherical torus) at n e = 1 × 10 19 m −3 indicate that the Bragg region will be of the order of 2 mm or less. Therefore, localization should not be an issue, except at much lower densities (e.g. 1 × 10 18 m −3 ). Finally, this measurement technique appears to be applicable to low magnetic field devices (B 0 ∼ 0.1 T) such as the emerging STs, but not well suited to high field devices (B 0 ∼ 1 T).
